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ALGEBRAIC CURVES ADMITTING THE SAME GALOIS
CLOSURE FOR TWO PROJECTIONS
SATORU FUKASAWA, KAZUKI HIGASHINE, AND TAKESHI TAKAHASHI
Abstract. A criterion for the existence of a plane model of an algebraic curve
such that the Galois closures of projections from two points are the same is pre-
sented. As an application, it is proved that the Hermitian curve in positive charac-
teristic coincides with the Galois closures of projections of some plane curve from
some two non-uniform points.
1. Introduction
Let C ⊂ P2 be an irreducible plane curve of degree d ≥ 4 over an algebraically
closed field k of characteristic p ≥ 0, and let k(C) be its function field. We consider
the projection πP : C 99K P
1 from a point P ∈ P2. If πP is separable, then the Galois
closure of k(C)/π∗Pk(P
1) is denoted by LP , and the Galois group is denoted by GP .
Pirola and Schlesinger said that P is uniform, if GP is the full symmetric group
(see [2]). It follows from results of Yoshihara and Pirola–Schlesinger that there exist
only finitely many non-uniform points P ∈ P2, at least when p = 0 and C is smooth
(see [2, 4]). The following problem is natural: for different points P1 and P2 ∈ P
2,
when does LP1 = LP2 hold? However, it has never been considered, except for the
case where LPi = k(C) for i = 1, 2.
In this article, we settle this problem. Let X be a smooth projective curve. For
a finite subgroup H of Aut(X) and a point Q ∈ X , the quotient map is denoted by
fH : X → X/H and the image fH(Q) is denoted by Q
H
. We show the following
theorem.
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Theorem 1. Let H, G1, and G2 ⊂ Aut(X) be finite subgroups such that H ⊂
G1 ∩G2, and let P1 and P2 ∈ X. Then, five conditions
(a) X/G1 ∼= P
1 and X/G2 ∼= P
1,
(b) G1 ∩G2 = H,
(c) H ′ ⊳ Gi, H
′ ⊂ H ⇒ H ′ = {1}, for i = 1, 2,
(d)
∑
h∈H h(P1) +
∑
σ∈G1
σ(P2) =
∑
h∈H h(P2) +
∑
τ∈G2
τ(P1), and
(e) HP1 6= HP2
are satisfied, if and only if there exists a birational embedding ϕ : X/H → P2 of
degree (G1 : H) + 1 such that ϕ(P1
H
) and ϕ(P2
H
) are different smooth points of
ϕ(X/H), and L
ϕ(Pi
H
)
= k(X) and G
ϕ(Pi
H
)
= Gi for i = 1, 2.
Since any plane curve is a quotient curve of the smooth model of the Galois closure
at each point, all plane curves C with two different smooth points P1 and P2 ∈ C
such that LP1 = LP2 are described completely in Theorem 1.
In Section 2, we prove a generalization of Theorem 1, to understand the proof in
more general setting. In Section 3, we show the following theorem for the Hermitian
curve, which may be surprising.
Theorem 2. Let p > 0, q be a power of p, and let a positive integer m divide q2−1.
The Hermitian curve defined by
XqZ +XZq − Y q+1 = 0
is denoted by X. Then, there exists a plane curve C ⊂ P2 of degree q3 + 1 and
different smooth points P1 and P2 exist for C such that LP1 = LP2 = k(X) and
GPi
∼= N1 ⋊ Cm for i = 1, 2, where N1 is a Sylow p-group of Aut(X) and Cm is a
cyclic group of order m. In particular, points P1 and P2 are not uniform.
2. Proof of the main theorem
In this section, we prove Theorem 1 and its generalization. If H is a normal
subgroup of a subgroup G ⊂ Aut(X), then there exists a natural homomorphism
G → Aut(X/H); σ 7→ σH , where σH corresponds to the restriction σ∗|k(X)H . The
image is denoted by G
H
, which is isomorphic to G/H . The following is a gen-
eralization of Theorem 1, since the case where N1 = N2 = {1} implies Theorem
1.
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Theorem 3. Let N1, N2, H, G1, and G2 ⊂ Aut(X) be finite subgroups such that
Ni ⊂ H ⊂ Gi and Ni ⊳ Gi for i = 1, 2, and let P1 and P2 ∈ X. Then, five conditions
(a) X/G1 ∼= P
1 and X/G2 ∼= P
1,
(b) G1 ∩G2 = H,
(c) H ′ ⊳ Gi, Ni ⊂ H
′ ⊂ H ⇒ H ′ = Ni, for i = 1, 2,
(d)
∑
h∈H h(P1) +
∑
σ∈G1
σ(P2) =
∑
h∈H h(P2) +
∑
τ∈G2
τ(P1), and
(e) HP1 6= HP2
are satisfied, if and only if there exists a birational embedding ϕ : X/H → P2 of
degree (G1 : H) + 1 such that ϕ(P1
H
) and ϕ(P2
H
) are different smooth points of
ϕ(X/H), and L
ϕ(Pi
H
)
= k(X)Ni and G
ϕ(Pi
H
)
= Gi
Ni
for i = 1, 2.
Proof. We consider the only-if part. By condition (e), P1
H
6= P2
H
. Let D be the
divisor as in condition (d). Since
∑
σ∈G1
σ(P2) =
∑
Hσ∈H\G1
∑
h∈H
hσ(P2),
it follows that
(fH)∗D = |H|

P1H +
∑
Hσ∈H\G1
σ(P2)
H

 = |H|

P2H +
∑
Hτ∈H\G2
τ(P1)
H


as divisors on X/H . Therefore,
D
H
:= P1
H
+
∑
Hσ∈H\G1
σ(P2)
H
= P2
H
+
∑
Hτ∈H\G2
τ(P1)
H
.
Let qi : X/H → P
1 be the morphism induced by the extension k(X)H/k(X)Gi. Note
that
f ∗H(Q
H
) =
∑
h∈H
h(Q) and (qi ◦ fH)
∗(qi(Q
H
)) =
∑
σ∈Gi
σ(Q)
for each point Q ∈ X (see, for example, [3, III.7.1, III.7.2, III.8.2]). It follows
that D
H
− P1
H
coincides with the pull-back q∗1(q1(P2
H
)), since (fH)
∗(D
H
− P1
H
) =∑
σ∈G1
σ(P2) = (fH)
∗(q∗1(q1(P2
H
)), and (fH)∗(fH)
∗(D′) = |H|D′ for any divisor
D′ ∈ Div(X/H). Let f and g ∈ k(X)H be generators of k(X)G1 and k(X)G2 such
that (f)∞ = D
H
−P1
H
and (g)∞ = D
H
−P2
H
, by (a), where (f)∞ is the pole divisor
of f . Then, f, g ∈ L(D
H
). Let ϕ : X/H → P2 be given by (f : g : 1). To prove
that ϕ is birational onto its image, we show that k(X)H = k(f, g). Since k(X)/k(f)
is Galois, there exists a subgroup H1 of G1 such that H1 = Gal(k(X)/k(f, g)).
Similarly, there exists a subgroup H2 of G2 such that H2 = Gal(k(X)/k(f, g)). Since
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G1 ∩ G2 = H by condition (b), H1 = H2 = H . The morphism ϕ is birational onto
its image. The sublinear system of |D
H
| corresponding to 〈f, g, 1〉 is base-point-free,
since supp(D
H
)∩supp((f)+D
H
) = {P1
H
} and supp(D
H
)∩supp((g)+D
H
) = {P2
H
}.
Therefore, deg ϕ(X/H) = degD
H
, and the morphism (f : 1) (resp. (g : 1)) coincides
with the projection from the smooth point ϕ(P1
H
) ∈ ϕ(X/H) (resp. ϕ(P2
H
) ∈
ϕ(X/H)). The Galois closure of k(X)H/k(X)Gi coincides with k(X)Ni , by condition
(c).
We consider the if part. Since π∗
ϕ(Pi
H
)
k(P1) = (k(X)Ni)Gi
Ni
= k(X)Gi, condition
(a) is satisfied. Since k(X)Ni is the Galois closure of k(X)H/k(X)Gi, conditions (c)
is satisfied. By the assumption, H ⊂ G1 ∩ G2. To prove (b), we take a suitable
system of coordinates so that ϕ(P1
H
) = (0 : 1 : 0) and ϕ(P2
H
) = (1 : 0 : 0).
Then, k(X)G1 = k(x) and k(X)G2 = k(y). For σ ∈ G1 ∩ G2, σ
∗(x) = x and
σ∗(y) = y. Since k(X)H = k(x, y), σ ∈ H . Condition (b) is satisfied. Since
ϕ(P1
H
) 6= ϕ(P2
H
), condition (e) is satisfied. Let D
H
be the divisor induced by the
intersection of ϕ(X/H) and the line ℓ := ϕ(P1)ϕ(P2), where ϕ(P1)ϕ(P2) is the line
passing through points ϕ(P1) and ϕ(P2). We can consider the line ℓ as a point in
the images of π
ϕ(P1
H
)
◦ ϕ and π
ϕ(P2
H
)
◦ ϕ. Since P2
H
∈ ϕ−1(ℓ),
(π
ϕ(P1
H
)
◦ ϕ)∗ℓ =
∑
Hσ∈H\G1
σ(P2)
H
.
Since this divisor coincides with D
H
− P1
H
, it follows that
D
H
= P1
H
+
∑
Hσ∈H\G1
σ(P2)
H
= P2
H
+
∑
Hτ∈H\G2
τ(P1)
H
.
Considering the divisor f ∗H(D
H
), condition (d) is satisfied. 
Remark 1. A similar result holds for “outer” points. In this case, we consider a
6-tuple (G1, G2, H,N1, N2, Q) with Q ∈ X such that G1, G2, H , N1 and N2 satisfy
conditions (a), (b) and (c), and
∑
σ∈G1
σ(Q) =
∑
τ∈G2
τ(Q) holds.
3. Examples
In this section, we assume that the characteristic p is positive and q is a power
of p. The finite field of q2 elements is denoted by Fq2 . We consider the Hermitian
curve X ⊂ P2 of degree q + 1, which is defined by XqZ +XZq − Y q+1 = 0.
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Proof of Theorem 2. Let P1 = (1 : 0 : 0) and let P2 = (0 : 0 : 1) ∈ X . We consider
subgroups
N1 = {σa,b : (X : Y : Z) 7→ (X + a
qY + bZ : Y + aZ : Z) | a, b ∈ Fq2, b
q + b = aq+1},
N2 = {(X : Y : Z) 7→ (X : aX + Y : bX + a
qY + Z) | a, b ∈ Fq2, b
q + b = aq+1},
and
Cq2−1 = {ηc : (X : Y : Z) 7→ (c
q+1X : cY : Z) | c ∈ Fq2 \ {0}}
of Aut(X). Let H be a subgroup of Cq2−1 and let Gi = 〈Ni, H〉 ∼= Ni ⋊ H . We
prove that conditions (a), (b), (c), (d) and (e) in Theorem 1 are satisfied for 5-
tuple (G1, G2, H, P1, P2). Since it is known that X/Ni ∼= P
1, by Lu¨roth’s theorem,
condition (a) is satisfied. Since G1 ∩ G2 ⊂ {σ ∈ G1 | σ(P2) = P2} = H , condition
(b) is satisfied. Since (σ−1a,bηcσa,b)
∗y = cy+a(c−1) for σa,b ∈ N1 and ηc ∈ H , H does
not contain a normal subgroup of G1 other than {1}. Condition (c) is satisfied. It
is well known that the cardinality of the set X(Fq2) of all Fq2-rational points of X is
equal to q3 + 1, and Ni acts on the set X(Fq2) \ {Pi} transitively for i = 1, 2. Since
∑
h∈H
h(P1) +
∑
σ∈G1
σ(P2) =
∑
Q∈X(F
q2)
|H|Q =
∑
h∈H
h(P2) +
∑
τ∈G2
τ(P1),
condition (d) is satisfied. Since HP1 = {P1} 6= {P2} = HP2, condition (e) is
satisfied. The proof of Theorem 2 is completed. 
If ms = q + 1 and c is a primitive (q2 − 1)-th root of unity, then the subgroup
Cm of Cq2−1 of order m is generated by ηcs(q−1) ∈ Cq2−1. Since η
∗
cs(q−1)
(x) = x and
η∗
cs(q−1)
(ym) = ym, the quotient curve X/Cm has a plane model defined by x
q+x = ys.
Therefore, the following holds.
Corollary 1. Let ms = q + 1, and let X be the Hermitian curve of degree q + 1.
Then, for the curve xq + x = ys, there exist a plane model C of degree q3 + 1 and
different smooth points P1 and P2 ∈ C such that LPi
∼= k(X) and GPi
∼= N1 ⋊ Cm
for i = 1, 2.
Remark 2. A result similar to Theorem 2 holds for the rational, Suzuki or Ree
curve (see [1, Sections 12.2 and 12.4] for the properties of the Suzuki or Ree curves).
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